This paper is an improving of the work from [6] , in which the upper and lower bounds for the spectral norms of the matrices A n = Circ(F
Introduction and Preliminaries
A matrix A = [a ij ] ∈ M n is called a circulant matrix if it is of the form
Obviously, the circulant matrix A is determined by its first row elements a 0 , a 1 , · · · , a n−1 , thus we denote A = Circ(a 0 , a 1 , · · · , a n−1 ).
Let k, h be any real numbers, and k > 0, h ≤ −1, then the (k,h)-Fibonacci sequence {F (k,h) n } n∈N and the (k,h)-Lucas sequence {L (k,h) n } n∈N are defined respectively by the following equations [6] :
Obviously, when k = 1, h = −1, these two sequences reduce to the well-known Fibonacci sequence {F n } n∈N and Lucas sequence {L n } n∈N , respectively.
Recently, there have been several papers on the norms of some special matrices. Akbulak and Bozkurt [1] have found the lower and upper bounds for the spectral norms of Toeplitz matrices A = [
Solak [2, 3] has given the upper and lower bounds for the spectral norms of circulant matrices whose entries are Fibonacci and Lucas numbers. Thenİpek [4] has investigated an improved estimation for the spectral norms of these matrices. Zhou and Jiang [5] have derived some explicit formulas for the spectral norms of g-circulant matrices whose the first row entries are Fibonacci number, Lucas number and their powers. Shen and Cen [6] have defined n × n circulant matrices such that
and
then they have established upper and lower bounds for the spectral norms of these matrices. The main objective of this study is to compute the spectral norms of the matrices in (1) and (2), then we generalize the main results in [4] . Now we give some preliminaries related to our study. For the (k,h)-Fibonacci sequence {F (k,h) n } n∈N and the (k,h)-Lucas sequence {L (k,h) n } n∈N , then the following identities holds [6] :
For any A ∈ M m,n . The well-known spectral norm of matrix A is
where λ i (A H A) is eigenvalue of A H A and A H is conjugate transpose of matrix A.
Lemma 1 [7] Let A = [a ij ] ∈ M n and A is nonnegative, then its spectral radius ρ(A) satisfy the following inequality
Main Results
Theorem 1 Let A n = [a ij ] ∈ M n be the matrix in (1), then we have
where A n 2 is the spectral norm of the matrix A n . Proof. Since the circulant matrix A n is normal, there exists a unitary ma-
Thus, the spectral norm of A n is given by its spectral radius. Also since A n is nonnegative, its spectral radius ρ(A n ) satisfy the following inequality:
for any i = 1, 2, · · · , n, thus the proof is completed.
If we choose k = 1, h = −1 in Theorem 1, then we obtain the following result from [4] .
Theorem 2 Let B n = [b ij ] ∈ M n be the matrix in (2), then we have
where B n 2 is the spectral norm of the matrix B n .
Proof. The proof is similar to the proof of Theorem 1. Since the circulant matrix B n is normal and nonnegative, its spectral norm is the same as its spectral radius ρ(B n ). Applying result obtained in Lemma 1, we have
In the case k = 1, h = −1 from Theorem 2, then we have the following result from [4] .
Corollary 2 Let B n = Circ(L 0 , L 1 , · · · , L n−1 ) be circulant matrix, then we have B n 2 = F n+2 + F n − 1.
Proof. We select k = 1, h = −1 in Theorem 2, then the following is valid B n 2 = 3F n + F n−1 − 1, Thus, the proof is completed from the following identity 3F n + F n−1 = F n+2 + F n .
